This paper is concerned with the free vibration of open circular cylindrical shells with intermediate ring supports. An analytical procedure for determining the free vibration frequencies of such shells is developed based on the Flü gge thin shell theory. An open circular cylindrical shell is assumed to be simply supported along the two straight edges and the remaining two opposite curved edges may have any combinations of support conditions. The shell is divided into multiple segments along the locations of the intermediate ring supports. The state-space technique is employed to derive the exact solutions for each shell segment and the domain decomposition method is applied to enforce the geometric and natural boundary/interface conditions along the interfaces of the shell segments and the curved edges of the shell. Comparison studies are carried out to verify the correctness of the proposed method. Exact vibration frequencies are obtained for open circular cylindrical shells with multiple intermediate ring supports.
Introduction
Shells and shell-type structures are important structural components in diverse engineering fields, i.e., civil, mechanical, aerospace, marine and offshore engineering. Open circular cylindrical shells are often applied as protective tank walls, thick cylindrical covers and roof structures of large-span and open-space buildings etc. It is very important for engineers to understand the vibration behaviour of such shell structures for more reliable and cost effective designs. However, the authors have found that rather little attention has been received on open cylindrical shells with intermediate supports in published literature as compared to those on closed cylindrical shells.
Vibration of open cylindrical shells has been studied by several researchers in the past few decades. An excellent collection of works on vibration of shells was published by Leissa (1973) . In general, the finite element method was popular in solving the vibration problems of shells (Gontkevitch, 1962; Mustapha and Ali, 1987; Petyt, 1971; Sabir and Lock, 1972; Bardell et al., 1997) . Boyd (1969) carried out a study on a simply supported open non-circular cylindrical shell based on Donnell shell theory. Leissa (1985, 1986 ) studied the free vibrations of circular and non-circular open cylindrical shells with circumferentially varying thickness. Srinivasan and Bobby (1976) developed a matrix method using GreenÕs functions to analyse clamped cylindrical shell panels. Cheung et al. (1980) studied a singly curved shell panel and the spline finite strip method was employed in their studies. Lim et al. (1998) investigated the free vibration characteristics of thick and open shells based on a three-dimensional elasticity approach. Ohga et al. (1995) analysed the vibration of open cylindrical shells with a circumferential thickness taper by the matrix method. Selmane and Lakis (1997) explored the static and dynamic analysis of thin, elastic, anisotropic and non-uniform open cylindrical shells. Yu et al. (1995) used several analytical methods to examine the free vibration of open circular cylindrical shells with arbitrary combinations of simple boundary conditions. And the method of superposition introduced by Gorman (1982) was further developed and applied to open circular cylindrical shells in their studies (Yu et al., 1995) . Three different shell theories were employed to study a cylindrical pipe and open shells by Price et al. (1998) and only simply supported boundary condition was considered in their investigation. Al-Jumaily and Ahmed (1985) used a simplified shell theory to investigate closed form solutions for the free vibrational characteristics of open profile circular cylindrical shells with different boundary conditions. This paper aims to develop an analytical method based on the state-space technique for the vibration of open circular cylindrical shells with intermediate ring supports and to present exact vibration frequencies for such shells. The state-space technique associated with the Levy-type plate problems was extensively used by several researchers to obtain exact solutions for the buckling and vibration of rectangular plates (Khdeir, 1988; Reddy and Khdeir, 1989; Chen and Liu, 1990; Xiang and Liew, 1996; Liew et al., 1996) . This technique has also been employed by the second author and his associates to study the buckling and vibration of plates with internal line supports and step-wise thickness variations (Xiang and Wei, 2002; Xiang and Wang, 2002) . The authors have presented a preliminary study on the vibration of open cylindrical shells with intermediate ring supports (Zhang and Xiang, 2004) . The present study employs the Flü gge shell theory and an analytical method based on the state-space technique for circular cylindrical shells developed by the second author and his associates is further extended to study open cylindrical shells with intermediate ring supports. Comparison studies are carried out to verify the correctness of the proposed method with published values (Leissa, 1973) . The effect of different included angles, locations of ring supports and boundary conditions on the vibration behaviour of open circular cylindrical shells is investigated in the paper.
Formulations
Consider an isotropic, open circular cylindrical shell with length L, included angle h 0 , uniform thickness h, midsurface radius R, YoungÕs modulus E, PoissonÕs ratio t and mass density q as shown in Fig. 1 . The displacement fields on the midsurface of the open shell with reference to the coordinate system are denoted as u(x, h, t), v(x, h, t) and w(x, h, t) in the x, h and radial directions, respectively. The shell is assumed to be supported by (q À 1) intermediate ring supports that provide no elastic resistance other than radial restraint to the shell at the support locations, i.e., w(x, h, t) = 0. Fig. 1 shows a typical shell with two intermediate ring supports located at distances L 1 and L 2 away from the left end of the shell. The two straight edges of the shell are assumed to be simply supported. The problem at hand is to determine the natural frequencies of the shell.
An analytical method based on the state-space technique was developed by for the vibration analysis of circular cylindrical shells. This method is extended in this paper to study the vibration of open circular cylindrical shells with intermediate ring supports. For convenience and clarity, the method is described in details as follows.
Governing differential equations
The governing differential equations for the free vibration of a thin open circular cylindrical shell based on the Flü gge shell theory can be written as (Leissa, 1973) 
ð1 þ tÞ 2R 
in which k = h 2 /(12R 2 ).
Solutions for the ith segment
The shell can be divided along the axial direction (x direction) into q segments at the locations of the ring supports. As the two straight edges of the shell are assumed to be simply supported, the displacement fields for the ith segment may be expressed as
where the subscript i(=1, 2, 3, . . . , q) denotes the ith segment of the shell, m(=0, 1, 2, . . . , 1) is the number of half-waves of a vibration mode in the circumferential direction, x is the angular frequency of vibration, and U i (x), V i (x) and W i (x) are unknown functions to be determined. Note that m = 0 corresponds to the axisymmetric vibration mode for the shell. We restrict our study in this paper to m > 0. Employing the state-space technique, a homogenous differential equation system for the ith segment can be derived from Eqs. (1)-(3) and (4)-(6) after appropriate algebraic operations 
in which
the prime ( 0 ) denotes the derivative with respect to x, and H i is an 8 · 8 matrix with the following non-zero elements:
The general solution of the homogenous differential equation system defined by Eq. (7) can be expressed as follows (Braun, 1993) :
where c i is an 8 · 1 constant column matrix that is to be determined using the boundary conditions and/or interface conditions between the shell segments, and e Hix is a general matrix solution of Eq. (7) which can be obtained by
in which Z(x) is a fundamental matrix solution of Eq. (7) and Z À1 (0) is the inverse of matrix Z(x) when the variable x = 0 (Braun, 1993; Xiang and Liew, 1996; Liew et al., 1996) . Based on the solutions of the eigenvalues of matrix H i , the fundamental matrix solution of Eq. (7) can be formed as follows:
(1) if all eigenvalues of H i are real and distinctive, i.e., r 1 , r 2 , . . . , r 8 and the corresponding eigenvectors are s 1 , s 2 , . . . , s 8 , the fundamental solution of Eq. (7) is given by where Z j (x)= where Z j ðxÞ ¼ e rjx s j , j ¼ 1; 2; . . . ; 8. (2) if the matrix H i is of n (even number) real and distinctive eigenvalues and (8 À n)/2 pairs of conjugate complex eigenvalues, the contribution of the real and distinctive eigenvalues and their corresponding eigenvectors to the fundamental solution of Eq. (7) is the same as the term Z j ðxÞ ¼ e rjx s j in Eq. (24). While for a pair of conjugate eigenvalues r j ¼ r For other cases of eigenvalues of H i (such as repetitive eigenvalues), the formation of Z(x) was discussed in Braun (1993) . In this study, we have only encountered the two cases of eigenvalues of H i as discussed above.
Boundary and interface conditions
It is well known that there are four types of simply supported and four types of clamped boundary conditions at an edge of a circular cylindrical shell. Although we can obtain exact vibration solutions for an open circular cylindrical shell with various combinations of circumferential end support conditions, in this paper three typical boundary conditions are considered and are defined as follows:
(1) Simply supported or shear diaphragm (S):
(2) Free (F):
(3) Clamped (C):
where i takes the value 1 or q, and the force and moment resultants based on the Flü gge shell theory are given as (Leissa, 1973 )
and the strain, curvature and twist of middle surface terms are relating to displacement fields by
To ensure the equilibrium and compatibility along the interface between the ith and the (i + 1)th segments, the displacement fields and force resultants at the interface must satisfy the follow conditions:
Assembling segments to shell
The constant column matrix c i in Eq. (22) can be determined by applying the shell boundary conditions and interface conditions between shell segments. For example, for an open shell with simply supported left circumferential edge, clamped right circumferential edge and one intermediate ring support, there are four boundary equations contributed from the left circumferential edge (Eq. (27)), four from the right circumferential edge (Eq. (29)) and eight equations from the interface between the two shell segments (Eqs. (43)- (50)). All the 16 boundary/interface equations can be expressed in terms of the constant column matrices c 1 and c 2 through their relationship with the displacement terms
T . In view of Eq. (22), a homogeneous system of equations can be derived by implementing the boundary conditions of the shell (see Eqs. (27)- (29)) and the interface conditions between two segments (Eqs. (43)- (50)) when assembling the segments to form the whole shell. We have
where K is an 8q · 8q matrix and c ¼ ½ c
T is an 8q · 1 column matrix. The angular frequency x is evaluated by setting the determinant of K in Eq. (51) to zero.
An iteration process proposed in Xiang and Liew (1996) and Liew et al. (1996) is employed to evaluate the eigenvalue (x). And the eigenvalue equation Eq. (51) is highly sensible to the numerical accuracy of the software package employed, especially when the shell thickness to radius ratio (h/R) is small. The mathematical software package PARI/GP (Batut et al., 2003) was employed in the computation of the eigenvalues as the software can handle numerical calculation with arbitrary number of significant digits with only the limitation of the computer CPU speed and memory capacity. We have used up to 1024 significant digits in some of the computations presented in the paper.
Results and discussions
The proposed analytical method is applied in this section to obtain exact vibration frequencies for open circular cylindrical shells with intermediate ring supports, different combinations of boundary conditions and various included angles. For convenience, a two-letter symbol is used to describe the end boundary conditions for the two curved edges. For example, the symbol CF denotes a shell having clamped and free edge conditions at x = 0 and x = L, respectively. The vibration frequency x is expressed in terms of a nondimensional frequency parameter k ¼ xR
. The Poisson ratio t takes the value 0.3 in this study.
Verification of solution method
A comparison study is carried out for frequency parameters k of a simply supported open cylindrical shell without intermediate support obtained by Leissa (1973) and the present analytical approach (see Table  1 ). The value of m in Table 1 denotes the number of half-waves of a vibration mode in the circumferential direction. It is observed that an excellent agreement is achieved between the present results and the ones by Leissa (1973) . The comparison study confirms the correctness of the proposed analytical method for the vibration analysis of open circular cylindrical shells.
Vibration of open shells without and with ring supports
The proposed method is able to obtain exact solutions SS, CC, CF and FF, respectively. The shell length to radius ratio L/R is set to be 1 and 10, the thickness to radius ratio is fixed at h/R = 0.01 and the included angle h 0 varies from 30°to 360°, respectively. For a shell with one intermediate ring support, the location of the ring support is at the middle of the shell. The locations of the ring supports are at one-third and two-third length of the shell if two intermediate ring supports are considered. The value of m represents the number of circumferential half-waves and n is the mode sequence number for a given m value. As expected, shells with clamped-clamped end supports (CC shells) have higher frequency parameters when compared with shells of other edge support conditions. An increase in the length to radius ratio L/R from 1 to 10 will lead to a decrease in the frequency parameters. It is observed that the influence of end boundary conditions on the frequency parameters decreases as the length to radius ratio L/R increases. The variation of the frequency parameters is more sensitive to smaller included angle h 0 when L/R = 10 and the circumferential wave number m is fixed. It is also found that the frequency parameters may increase or decrease as the number of circumferential half-waves m increases. Therefore, the lowest frequencies in Tables 2-5 may not be the fundamental frequencies for the considered cases.
The effect of the presence of the intermediate ring supports on the frequency parameter k is examined. It is observed that the presence of the intermediate ring supports will increase the stiffness of the open shell that will lead to higher frequency parameters. Shells with two intermediate ring supports have higher frequency parameters when comparing shells with no ring support or one ring support. the fundamental frequency parameter k versus included angle h 0 for SS and CF open circular cylindrical shells with thickness to radius ratio h/R = 0.1 and 0.01 and shell length to radius ratio L/R = 1, 5 and 10, respectively. One intermediate ring support is considered and the location of ring support is at the middle of the shell. The included angle h 0 varies from 30°to 360°with an increment of 5°. It is intended to examine the effect of a varying included angle h 0 on the fundamental frequency parameter while keeping the thickness and length of the shell constant.
It is observed that the increase of the thickness ratio h/R from 0.01 to 0.1 will lead to an increase in fundamental frequency parameters. It is because the increase of the thickness ratio will result in an increase in the bending stiffness of the open shell. There are more kink points on the graphs for shells with h/R = 0.01 than for shells with h/R = 0.1. These kink points represent such values of the included angle h 0 where the mode shape switch occurs. The number of circumferential half-waves m is marked in the graphs. The fundamental frequency parameter for an SS shell with L/R = 1 and h/R = 0.01 decreases initially and then maintains a small variation when the included angle h 0 changes from 30°to 230°(see Fig. 2(a) ). The frequency parameter decreases monotonically as the included angle h 0 increases from 230°to 360°. However, for the same shell but with the thickness ratio h/R = 0.1, the variation of the fundamental frequency parameter against the included angle h 0 is quite different (see Fig. 2(b) ). The frequency parameter decreases sharply as the included angle h 0 changes from 30°to 160°and then the rate of decrease is reduced when the included angle h 0 increases further. For SS and CF shells with larger length to radius ratios (L/R = 5 and 10), the fundamental frequency parameter varies significantly for h 0 < 100°and then oscillates about a constant value when h 0 increases from 100°to 360°, as shown in Figs. 4-7 . Fig. 3 shows that the variation of the fundamental frequency parameter versus the included angle h 0 for a CF shell with L/R = 1. The frequency parameter for this case shows a tendency that is quite different from its SS counterpart. The frequency parameter for the CF shell with h/R = 0.01 oscillates significantly as the included angle h 0 increases from 30°to 110°and then varies within a small range as the included angle increases further.
Effect of location of ring support on fundamental frequency parameter of open shells
The effect of the presence of an intermediate ring support at different locations on the fundamental frequencies of SS and CF shells is illustrated in Fig. 8 . The thickness to radius ratio h/R = 0.01, length to radius ratio L/R = 5 and included angle h 0 = 90°are used in the calculation, respectively. One intermediate ring support is considered and the location parameter of the ring support L 1 /L varies along the axial direction of the open shell from 0.01 to 0.5 with increment of 0.01 for the SS shell and from 0.02 to 0.98 with increment of 0.02 for the CF shell, respectively.
The location of the ring support has a significant effect on the fundamental frequency parameter and the influence varies with the end boundary conditions. The frequency parameter increases monotonically as the location of the ring support moves from the end of the shell to the middle. For an open cylindrical shell with symmetrical end boundary conditions, such as an SS shell, it is found that the optimal locations of an intermediate ring support, which will produce the maximum fundamental frequency, is at the middle of the open shell. The fundamental frequency parameter for a CF shell shows similar trends as for the SS shell. However, the fundamental frequency of the CF shell versus the location of the ring support is not symmetrical about the location of L 1 /L = 0.5 due to the unsymmetrical end boundary conditions. The number of circumferential half-waves m is marked in the graphs. fundamental frequency parameters for both SS and CC shells decrease monotonically as the shell length to radius ratio L/R increases from 0.5 to 10. The number of circumferential half-waves is marked on the graphs and there are more circumferential half-waves in the vibration modes when the shell length to radius ratio L/R and the shell thickness to radius ratio h/R are smaller.
Conclusions
This paper presents an analytical solution procedure and exact vibration solutions for open circular cylindrical shells with various combinations of end boundary conditions and intermediate ring supports. The Flü gge thin shell theory is employed and the state-space technique is applied to derive the solutions for the shell vibration problems. The proposed method has been verified through the comparison of present results against published solutions. The influence of the included angle, the shell length to radius ratio and the thickness to radius ratio on the frequency parameters of open circular cylindrical shells is examined. Exact frequency parameters are also presented in tabular form for easy reference when required as benchmark values for researchers to valid their numerical approaches for such shell vibration problems.
